By giving sufficient and necessary conditions for a weak projection hypersubstitution σ x 1 ,b of type (2, 2) where the term b, in case F lp(b) = 1, contains the variables x 1 and x 2 to be regular.
Introduction
There is a Galois connection between submonoids of the monoid consisting of hypersubstitutions and complete sublattices of the lattice of all varieties of the same type. It is of interest to know which semigroup properties of hypersubstitutions can be transferred by the Galois connection. The concept of hypersubstitutions to make precise the concept of hyperidentities was defined by K. Denecke, D. Lau, R. Pöschel and D. Schweigert in 1991 ([2] ). Semigroup properties of hypersubstitutions have been widely studied see [3] and [4] . Let τ = {(f i , n i ) : i ∈ I} be a type. Let X = {x 1 , x 2 , x 3 , . . . } be a countably infinite alphabet of variables such that the sequence of the operation symbols (f i ) i∈I is disjoint with X, and let X n = {x 1 , x 2 , . . . , x n } be an n-element alphabet where n ∈ N. Here f i is n i -ary for a natural number n i ≥ 1. An n-ary (n ≥ 1) term of type τ is inductively defined as follows:
(i) every variable x i ∈ X n is an n-ary term,
(ii) if t 1 , . . . , t n i are n-ary terms and f i is an n i -ary operation symbol then f i (t 1 , . . . , t n i ) is an n-ary term.
Let W τ (X n ) be the smallest set containing x 1 , . . . , x n and being closed under finite application of (ii). The set of all terms of type τ over the alphabet X is defined as disjoint union W τ (X) := ∞ n=1 W τ (X n ). Any mapping σ : {f i : i ∈ I} → W τ (X) is called a hypersubstitution of type τ if σ (f i ) is an n i -ary term of type τ for every i ∈ I. Any hypersubstitution σ of type τ can be uniquely extended to a mapσ on W τ (X) as follows:
. . , t n i ).
A binary operation • h is defined on the set Hyp(τ ) of all hypersubstitutions of type τ , by
for all n i -ary operation symbols f i . Together with this binary associative operation Hyp(τ ) form a monoid since the identity hypersubstitution σ id which maps every
is an identity element. The notions concerning semigroup properties we refer the reader to [6] . An element e of a semigroup S is said to be idempotent if ee = e; and element a of a semigroup S is called regular if there exists x ∈ S such that a = axa. Clearly, every idempotent element is regular. A hypersubstitution mapping every operation symbol to variables is called a projection hypersubstitution. Note that every projection hypersubstitutions is idempotent.
Preliminary Notes
From now on, let τ = (2, 2) be a type with two binary operation symmbols f and g. For a, b ∈ W (2,2) (X 2 ), the hypersubstitution which maps the operation symbol f to the term a and the operation symbol g to the term b is denote by
, the set of all variables occurring in t, the first operation symbols occurring in t and the number of occurrence of all operation symbols in t are denoted by var(t), f irstop(t) and op(t), respectively. For example,
The following result proved in [5] .
Notation. Let t ∈ W (2,2) (X 2 ). Since t can be represented by a tree, we address each node in the usual way: the root is labeled by 0, the first node on the left branch starting from the root is labeled by 00, the first node on the right branch starting from the root is labeled by 01, etc. Then we label the different occurrences of the operation symbols f and g as follow:
for instant, f 011111 means the operation symbol position at 011111 is f . We abbreviate 01110 11 . . .
and Rp g (t) denote the parts:
for some m ≥ 1 and (t) and Lp g (t) denote the parts:
for some q ≥ 1 and
respectively, F ∈ {f, g}. Similarly, assume that f irstop(t) = g. If f 0 j exists for some j > 1, we let Lp f (t) and Lp f (t) denote the parts:
for some r ≥ 1 and
respectively.
Let F Rp g (t) and GRp g (t) denote the number of occurrences of f in Rp g (t) and the number of occurrences of g in Rp g (t), respectively. We define
) and lef tmost g (t) := lef tmost(Lp g (t)).
For example, consider the following term
given by the tree diagram:
We have Rp g (t) :
Main Results
The following lemma is required.
= b if and only if the following hold:
, lef tmost (t)), we have lef tmost(t) = x 1 and lef tmost (t) = x 2 . The opposite direction is easy to see. Now, we collect the cases that σ x 1 ,b is not regular. Assume that σ x 1 ,b is regular. Then there exists σ u,v ∈ Hyp (2, 2) 
By Lemma 3.1,
We will refer to this notions when we have σ x 1 ,b is regular.
There are four cases to consider.
is regular if and only if
There are five cases to consider.
This case can be proved similarly to A., we have:
In the following cases, the results are similar in [5] 
By (4),
Similar to Case 1.1, we have a contradiction.
By Case 2 and Case 3, we have op(
. This is a contradiction.
(
There are four cases to consider. [σ u,v 
There are three cases to consider.
Case 2 [σ u,v [t 4 ]])).
There are four cases to consider. [σ u,v [b] ] ∈ X 2 , a contradiction.
